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ARITHMETIC IDENTITIES AND CONGRUENCES FOR 
PARTITION TRIPLES WITH 3-CORES 

LIUQUAN WANG 


Abstract. Let Bs{n) denote the number of partition triples of n where each par¬ 
tition is 3-core. With the help of generating function manipulations, we find several 
infinite families of arithmetic identities and congruences for Bz(n). Moreover, let 
uj{n) denote the number of representations of a nonnegative integer n in the form 
x\ + x% + xl + iyi + Syi + Zyl with xi,X2,X3,yi,y2,y3 £ Z. We find three arithmetic 
relations between Bzin) and io{n), such as a;(6n -|- 5) = 4i33(6n -|- 4). 


1. Introduction 

A partition of a positive integer n is any nonincreasing sequence of positive integers 
whose sum is n. For example, 7 = 4 + 2 + 1 and A = {4, 2,1} is a partition of 7. A 
partition A of n is said to be a t-coie if it has no hook numbers that are multiples of 
t. We denote by at{n) the number of partitions of n that are t-cores. For convenience, 
we use the following notation 

OO 

(«;9)oo = n fk = 

n=l 


From m Eq. (2.1)], the generating function of at{n) is given by 


'^at{n)q^ 

n=0 

In particular, for t = 3, we have 

OO 

'^as{n)q^ 

71=0 


ll 

fi 


il 

fi 


A partition /c-tuple (Ai, A 2 , • • • , A^) of n is a fc-tuple of partitions Ai, A 2 , • • • , A^ such 
that the sum of all the parts equals n. For example, let Ai = {3, 1}, A 2 = {1,1}, A 3 = 
{1}. Then (Ai, A 2 , A 3 ) is a partition triple of 7 since 3 + l + l + l + l = 7. A partition 
/c-tuple of n with t-cores is a partition fe-tuple (Ai,A 2 ,--- ,Xk) of n where each Xi is 
t-coie for i = 1, 2 , • • • ,k. 

Let At{n) (resp. Bt{n)) denote the number of bipartitions (resp. partition triples) 
of n with t-cores. Then the generating functions for At{n) and Bt{n) are given by 


OO p2t 

E'4.(«)9” = + 

».o •'1 
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and 

OO 

Y.BMg" 

n=0 


respectively. 

In 1996, Granville and Ono [9] found that 


il 

f! 


( 1 . 1 ) 


a^[n) = cii,3(3n + 1) - fi2,3(3n + 1), (1.2) 

where dr^‘i{n) denote the number of divisors of n congruent to r modulo 3. Their proof 
is based on the theory of modular forms. 

Baruah and Berndt [3] showed that for any nonnegative integer n, 

a3(4n + 1) = a^{n). 


In 2009, Hirschhorn and Sellers [l2] provided an elementary proof of (II.2p and as 
corollaries, they proved some arithmetic identities. For example, let p = 2 (mod 3) be 
prime and let A: be a positive even integer. Then, for all n > 0, 


03 


p^n + 




Let n(n) denote the number of representations of a nonnegative integer n in the form 

+ 2>y^ with x,y G h. By using Ramanujan’s theta function identities, Baruah and 
Nath [4] proved that 

M(12n + 4) = 6 a 3 (n). 

In 2014, Lin [13] discovered some arithmetic identities about A^[n). For example, he 
proved that ^ 3 ( 871 , + 6 ) = 7 ^ 3 (2n + 1). Let v{n) denote the number of representations 
of a nonnegative integer n in the form + 3y^ + 37/2 with xi, X 2 , yi, 7/2 S h. Lin 

showed that 

^;(6n + 5) = 12T3(2n + l). (1.3) 

Again, Baruah and Nath [2] generalized (11.31) and established three infinite families 
of arithmetic identities involving A^{n). For example, for any integer fc > 1, 




22/L+2 _ 2 


A3(4n + 2) - 


22 A :+2 _ ^ 


• -43 (n). 


For more results and details about 03 (n) and A 3 (n), see [H |2l[3l[ll [121 US] ■ 

Motivated by their work, we study the arithmetic properties of partition triples with 
3-cores. By using some identities of q series, we prove some analogous results. We will 
show that 

53 ( 477 , + 1) = 3R3(2n), 53 ( 377 -|-2) = 953 ( 77 ), and 

53(477 + 3) = 353(277 + 1) + 453 ( 77 ). 

From these relations we deduce three infinite families of arithmetic identities as well as 
some Ramanujan-type congruences involving 53 ( 77 ). For example, we prove two infinite 
families of congruences for 53 ( 77 ): for A: > 1 and all 77 > 0, 

3/c+i _j_ f _1 

53(2'=+^n + 2^-l)=0 (mod--L), 

5 

53(3^77 + 3 ^= - 1 ) = 0 (mod 32 '=), 

53 ( 3^77 +2-3'="^ - 1) = 0 (mod32^"^). 
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We will also prove that 

°° f8 f3 

^i?3(6n + 4)g" = 24^, 

n =0 ■'1 

from which we deduce the following two Ramanujan-type congruences: 

R3(30n 10) = BsiSOn 28) = 0 (mod 120). 

Furthermore, let w(re) denote the number of representations of a nonnegative integer 
n in the form 

n = xf + X 2 + 3yf -|- 3y| -|- 3y|, xi,X2,X3,yi,y2,y3 G Z. 

We find some interesting arithmetic relations between a;(n) and 

Lo(6n -I- 5) = 4R3(6n -|- 4), 

Lo(12n + 2) = 12 R 3 ( 6 n), 
uj{12n + 10) = 6R3(6n-h4). 

In the final section, we introduce a unified notation A^\n) to denote the number of 
partition fe-tuples of n wherein each partition is 3-core. We propose two open questions 
about that whether we can find some analogous results about A^\n) for all positive 
integer k or not. This will lead to researches in the future. 

2. Main Results and Proofs 
Setting t = 3 in (II.1|) . we obtain that 

OO M 

= P.l) 

n =0 ■'1 

The following 2-dissection identities will be important in our proofs. 

Lemma 2.1. We have 

ll 

fi 
h 
f! 

K 

f3 

A 
fl 
1 

Tf 

1 

7f 


fifi ,ff2 

/|/l2 ® /4 ’ 

(2.2) 

f 6 f3 f2 f f2 

JiJQ 1 Q / 4 / 6/12 
f9f2 ' f7 ’ 

J 2 J 12 J2 

(2.3) 

fl 

fi2 ^ hfi ’ 

(2.4) 

f2fifl2 fiff2 

f 7 ^ f2 f9 ’ 

J6 JaH 

(2.5) 

flA f2 fA 

-P4o'^4/8 

rlA fA ' ^ flO ’ 

(2.6) 

f28 f 16 fA f8 

Ja I 0^74 1 ..c 2 / 4/8 

f28 f8 ' f2A ' f20 ■ 

J ‘2 S 'f 2 'f 2 

(2.7) 


Proof. For the proofs of (I2.2|] - (j2.3p . see [HJ Eq. (3.75) and Eq. (3.38)]. The proofs of 
(I2.4h-(]2.5P can be found in m- Eor a proof of (j2.6|] . see [HI Eq. (2.11)]. (12.7|] follows 
by squaring both sides of (j2.6p . □ 
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Lemma 2.2. We have 


fifi 

ft 

fifih 

ft 


flk ' 

f9 f9 

Zi , /6 

/f 


6 ) 


Proof. For convenience, we introduce the following notation 


[x;q]oo = ix;q)^{q/x]q)^, 


,an-,q]oo = 

i=l 

Multiplying both sides of (|2.8I) by fffe, we know ()2.8p is equivalent to 


( 2 . 8 ) 

(2.9) 


( 2 . 10 ) 


Note that 

fi = [q,q^;q^]ociq^-, 9®)oo(9 ^h = [q^-,q^]ociq^; 9®)oo> 

/3 = {q^-, ^®)oo(^®; k = q^)oo- 


Substituting these expressions into (12.1011 and simplifying, we know (|2.10l) is equivalent 
to 

[<lt9®llo = + (2.11) 

From [21 Exercise 2.16, p. 61], we know 

[x\,x/\,nv,n/v,q]^ = [xv,x/v,\h,h/kq]oo + n, \v, \/v,q]^. (2.12) 

Taking (x, A, n, v, q) —)• {q^, q, q^, 1, q^) in (12.120 . we have 


9^; 9®]oo = [q^ g®]oo + 9, q, q; q^]oc- 


Hence (|2.11l) holds and we complete our proof of (12.8p . 
From (12.20 and (j2.30 . we obtain that 


fi 


ll 

fi 


h 

f! 


fUl , o.2/4/6/f2+4^/|/|/l2 


n fl ft fkfu 

Multiplying both sides by /|, we get 

f8 fi f9 f5 

J 2 J 3 _ JiJe 


11 fS + 


u 


n 


fi f 3 f 3 

J 2 J 12 

Applying (12.2p . we obtain that 

3 


+ M 


fififu 

h 


+ 3q^f2fikff2- 


fik 


ll 

k 


fin , ,finfi2 , , 2 , f f f, , 3 / 2/12 


+ 3g- 


ftk k v/iy f^fk ' /2 

Substituting (|2.14p and (I2.15p into (|2.8p . we deduce that 


+ kfikfu + 9 


fik 


finfu 

f2 


= f! + q- 


, 2 / 2/12 

fik' 


Replacing by g and then multiplying both sides by we obtain 


(2.13) 


(2.14) 


(2.15) 


□ 
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Theorem 2.1. For any integer k > 1, we have 


B3{2^+^n + 2^ - l) = 


22k + 2 


B3{2n), 


(2.16) 


rf2k+2 ( _1 \k c\2k+2 _ a( _i \k 

B3{2^+^n + 2’^+^-l) = -±-L_L.B 3 ( 2 n + l) +- ^ ^ ■ B3{n). (2.17) 


Proof. Substituting (j2.2p into ()2.ip . we obtain that 

°° , f'if2 f3 . 3 

Y.B3(nW 


n=0 


nu , Ji2 

/|/l2 ^/4 


9 


fifn 


6 I o^^hfefu 

6 #3 + 


/I 


+ ( 7(^3 


f5 fi f f9 

/ 4 / 6/12 „27i2 

f4 y f3 

J 2 Ji 


Extracting the terms involving and respectively, we get 

CXD 

J2B3i2n)q^‘ 

and 


fifl , 

e6 f3 ^ 


n=0 


fui 


ft 


'^B 3 { 2 n + l)q^ = 2 , 


n=0 


fb ^4 f f y 
/2/3/6 /6 

/? br 


By (|2.9I) . we deduce that 


00 M »9 

j;B3(2n + l)g" = 3^ + 4g:^ 

h h 


n=0 


3 ^ 53(74)5’" + 4 ^ 53(74)5' 


,2n-|-l 


n=0 


n=0 


(2.18) 

(2.19) 


Equating the coefficients of 5 ^” and 52 "'+^ on both sides, respectively, we obtain 


53(4n + 1) = 353(2n) (2.20) 

and 

53 (4n + 3) = 353(274 + 1) + 453 ( 74 ). (2.21) 

We are now able to prove (I2.16p ^ (j2.17l) . Note that (|2.20p and (12.211) are (I2.16P and 
(I2.17p . respectively, for k = 1. Now we prove (j2.16p . Replacing n by 2n in (j2.2ip . we 
have 

53(874 + 3) = 353(474 + 1) + 453 ( 274 ). 

By (|2.20l) . this implies 

53(874 + 3) = 1353(274), 

which is (I2.16P for k = 2. Now the proof of ()2.16l) follows by mathematical induction. 
Next, replacing 74 by 274 + 1 in (|2.21l) . we have 

53(874 + 7) = 353(474 + 3) + 453(274 + 1). 

Employing (j2.2ip in the above, we deduce that 

53(874 + 7) = 1353(274 + 1) + 1253 ( 74 ), 


which is (I2.17P for k = 2. Now the proof of (|2.17l) can be completed by mathematical 
induction. □ 










































6 


LIUQUAN WANG 


Corollary 2.1. For any integer k >1, we have 

S 3 ( 2 ^+'n + 2^-l)=0 (mod + (-1)\ 

Recall that the general Ramanujan’s theta function /(a, h) is defined by 

OO 

f{a,b):= a^{n+i)/ 2 ^n(n-i)/ 2 ^ \ab\<l. 

n=—oo 

As some special cases, we have (see [U], for example) 

OO 

f{q) ■= fiQ,Q) = X] 

n=—oo 

OO / 2 2 

and 


n=0 


.2.„2W 

/OO 


{q;q) 


2 

OO 


( 2 . 22 ) 

(2.23) 

(2.24) 

(2.25) 


n=—OO 

Lemma 2.3. IRe have 

{q;q)l = P{q^)-Hq''-,q^f, 

where 

OO 

P{q)= Y + = f{-qMqMq^) + Aqf{-q)i:{q^^^^^ 

m=—oo 

(2.26) 

Proof. By Jacobi’s identity (see [U Theorem 1.3.9]), we have 

OO 

n=0 

Note that = g (mod 3) if and only if n = 0 (mod 3) or n = 2 (mod 3). 

And = 1 (mod 3) if and only if n = 1 (mod 3). Hence we have the following 

3-dissection identity 

iq',q)lo = Piq^) + qPiq^)- 

We have 


P(g3) = Y + l)g3m(3m+l)/2 ^ ^ (-l)3"^+2(6^ + 5)^(3m+2)(3m+3)/2 

m=0 m=0 

OO —1 

= Y (-l)™(6m + l)g3m(3m+l)/2 ^ ^ (-l)”*(6m + l)g3m(3m+l)/2 

m=0 

OO 

= ^ (-l)”^(6m + l)g3™(3™+^)/^ 


m=—OO 
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Replacing by q, we obtain 

OO 

P{q)= ^ (-l)™(6m + l)g™(3m+i)/2_ 

m=—OO 


From m we know that 


P{q) 


iT,q)oo 



q^n+2 , \ 

1 — gr3n+2 ) j ' 


From u Theorem 3.7.9] we have 


i+fiE 

n>0 


q3n+l 
I — q3n+l 


ilq3n+2 ) = 


Hence (|2.26p is proved. 

Again, we have 

OO 

qRiq^) = _j_ 2^^(3m+l)(3m+2)/2 

m=0 

Dividing both sides by q and replacing q^ by q, we deduce that 

OO 

R{q) = -3 ^ (-l)”^(2m + l)g3m(m+l)/2 ^ _3(^3. ^3)^_ 

771=0 

□ 


Lemma 2.4. ITe have 


P{qf -27q{qP,q^)l, 




(2.27) 


and 


Proof. Let w = . On the one hand, by Lemma 12.31 we have 

2 

{q-,qf^{i^pujqf^{o?pu?qf^ = (^(^") " = P{q^f - 27q^fl 

k=0 


(2.28) 
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On the other hand, by definition we have 

( 9 ; qfooi^Q'^ 


/oo\ 

00 


(1 - q^f{l - - uj'^^q^f 


n=l 


(n (1 - ?")(! - ^v)(i - uj^^q^y • n (i 

3|n 3|n 


^3n\3 


= n(i-« 

n=l 

_ {q^]q 

iq^;q^)L' 

Hence we deduce that 


3n\9 


n (1 -«’”)“/ n (1 


^9n\3 


n=l 


n=l 


^3. ^3U2 
Joo 


.3^3 ov.3.9_(^i^ 

{q^;q^)lc' 


p{q^r - 27q-^f^ = 


Replacing q^ by q we obtain (\2.‘27\) . 
By (j2.25p we have 


1 


n {P{q^) - SiO^qfl) 

_ _ _ 

(q~ 0 )^ ^ 

^ (P(q3)-3u>^qfl) 


k=0 


P{q^f - 27(?3/9 
/< 


[p{q^f+3qP{q^)fl + 9q^fl) 


P [P{q^f + 3qPiq^)fl + V/|) , 


where the last equality follows from (I2.27|] . 


□ 


Theorem 2.2. ITe have 

00 

^B3{3n)q' 

n=0 

00 

^B3(3n + l)g' 
n=0 
00 

^B3(3n + 2)g' 
n=0 


( 9 ; 9)00 

(2.29) 

(o^ ■ (7^)^ 

3P(„)7 ’“p, 

iq-,q)ic 

(2.30) 

Jq^;q^)L 

iq-,q)lo 

(2.31) 


(2.32) 


Proof. By (|2.ip and (j2.28l) we have 


ES3(»)9” 

n=0 


iq',q)lo 


Extracting the terms involving q^'^, 
results. 


(p(,’)"+3,p(,’)/i+ 9efi) . 

q3n+i (jr3»^+2^ respectively, we get the desired 

□ 
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Theorem 2.3. For any integer k > 1, we have 

- 1 ) = 32 ^^ 3 ( 71 ). 

Proof. From (j2.ip and (j2.3ip we deduce that 

B3{3n + 2) = 9B3{n). (2.33) 

This proves the theorem for A: = 1. Replacing n by 3n + 2 in (I2.33j) . we deduce that 

Bsidn + 8 ) = 3^B3{3n + 2 ) = S^B^in), 

which proves the theorem for k = 2. The theorem now follows by induction on A;. □ 


Corollary 2.2. For any integer k >1, we have 

B:i{3^n + 3^ -l) = 9 (mod 3^*=), 

53(3*^n + 2-3''"^-l) = 0 (mod32*=“^). 

Proof. The first congruence follows immediately from Theorem 12.31 

By ()2.3ip . we know that B^^Sn + 1) = 0 (mod 3), and this proves the second 
congruence for A = 1. For A > 2, by Theorem 12.31 we have 

B3(3^n+2-3*^“^-l) = B3(3^"^(3n+l)+3^"^-l) = 3^^-^Bsi^n+l) = 0 (mod 32 ^"^). 

□ 

Theorem 2.4. We have 

p7 f3 


_ f 10 f9 f7 f3 f 2 f5 f2 

B3{6n)q^ = 


n=0 


fifl 


ft 


ft 


°° f8 f3 

YB3{Qn + 4)q^ = 24^^. 

n=0 ■'1 


Proof. From (j2.22D and (12.231) . it is not hard to see that 

By (12.261) . we have 


/I 


/?/!’ /i' 


5 r5 
6 


/!/, 




+ 4g 


2 f2 
12 


/324212 

Substituting (I2.37P into (I2.29p . we obtain 

clOrlO 


fiftf 

f2h 


YB3{3n)q^ 


riU fiU f3f4f4 

■'S 46 I 24344412 


n=0 


/i’/3/4Vl"2 


By (IZID and (12.5h . we have 


1 

(W. 


ftf3 

^ff) 

/I ' 




14 


+ w 


I O 2 / 4/124 I (^f^ft2 C)„2ftfl2\ fo onl 


/l/l/l 


+ 8q 


J 2 /s/e 

/f 


(2.34) 

(2.35) 

(2.36) 

(2.37) 

(2.38) 


fl^kfi2 


clO f2 
4 41 

ffh 


2 JlO. 


Now substituting (12.2F (12.3p and (I2.39P into p2.38D . and then extracting the terms 
involving we obtain 

°° f9fl0 f7f3 f2f5f2 

^ B3(6n)g2^ = 44r + 

n=0 


Z//' 


2 412 


/2^ 


fi 
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Replacing by q we prove (I2.34|) . 

Similarly, substituting (j2.37p into (I2.30jl . we obtain 


Y,B3{3n + l)q^ 

n=0 


f5 f4 f5 

J 2 J 3 

f 4 f 2 f 2 
JIJ4J12 


+ I2q 


f 6 f 2 f 2 

/ 3 / 4/12 

/ 1 V 2/6 ■ 


(2.40) 


By (j2.2p . we deduce that 


f! 

fl 


,f3.2 f6 f4 f2 f2 f2 f6 

/ /3 1 _ •I 4./6 , n„J4JQJl2 I „2Jl2 

i/d ’ /I ’ /r 


Substituting this identity and ()2.13p into ()2.40p . and extracting the terms involving 
^ 2 n+i^ we obtain 


^R3(6n + 4)g2»^+i ^ ^2q 
n=0 


f3 fS fS f 3 f 8 s 

/4 /e I /4 /e I 2 /12 \ 

/I/12 /I ^/2/6^’ 


Dividing both sides by q and replacing by g, and applying (|2.8p we obtain that 


^R3(6n + 4)g’^ 

n=0 


12 


/1/3 


fifl 

fih 



+ 12 


/I/I 

f! 


24 


/I/I 

/I 


□ 


Corollary 2.3. For any integer n > 0, we have 

R 3 ( 6 n + 4) = 0 (mod 24). 

Proof. This follows from (I2.35p . □ 

Theorem 2.5. For any integer n >0, we have 

BsiSOn + 10) = B3{30n + 28) = 0 (mod 120). 

Proof. Note that for any prime p > 3, we have 

By the binomial theorem, we have 

(1 — x)^ = 1 — px + ■■■ + px^~^ — = 1 — (mod p). 

Hence for any integer o > 1, we have 

00 00 

fp =n (1 - =n (1 - = f-p (“od ^)- 

n=l n=l 

From (|2.35p we have 

°° f8f3f 

Y, B 3 { 6 n + 4)g- = 24^^ = 24^ • /|/| (mod 120). 

n=0 J 1 

By Jacobi’s identity, we have 

00 00 

/I/I = ( Y (-1)^2A: + l)g'’('’+^)) ( ^ (-1)^(2/ + l)g3h^+i)/2^ , 

fc=0 z=o 


(2.41) 
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Suppose 


then 


Note that 


/I/s = E 


m=0 


c{m)= {-lY\2k + l){2l + l). 


/c(/c+l)+3^(/+l)/2=m 


m = k{k + l) + 8 m + 5 = 2{2k + if + 3{2l + if. 


For any integer x, we have = 0,1,4 (mod 5). If m = 1 or 4 (mod 5), then at least 
one of 2A: + 1 or 2/ + 1 must be divisible by 5. Hence we deduce that 


c(5n + 1) = c(5n + 4) = 0 (mod 5). 

By (I2.41h we have 

OO « OO 

BfUn + 4)g"' = 24-^ Y^ c{m)q^ (mod 120). 

n=0 m=0 

The theorem now follows by comparing the coefficients of (r G {1,4}) on both 

sides of the above identity. □ 


Theorem 2.6. Letuj{n) denote the number of representations of a nonnegative integer 
n in the form xf + + 3/3 + + Syl + Syl with xi, X 2 , X 3 , yi, ^ 2 , 2/3 S Z. Then 

cu( 6 n + 5) = 4H3(6n + 4). 


Proof. By [5l p. 49, Corollary (i)] and Jacobi triple product identity [ 6 l Theorem 1.3.3], 
we can deduce that 

fifdf36 


t{q) = pip) + 


/ 3 / 12/18 


The generating function of cu(n) is given by 

Y^{n)q- = = T\qf{T{q^)+ 2 qff^) . 


n=0 


(2.42) 


Extracting the terms g 3 n-i -2 (j2.42ll . dividing by cf, replacing q^ by y, we obtain 

that 

fAf2f2 fl9 i-3 


^a;(3n + 2)y- = 12g,^{q)g,{qflM 


n=0 


ftflfi 


^iy £6 
12 _ ^^ 2/2 '^6 


/f/l 


By ( 12 .7h we get 


Y^f>n + 2 )q^ = 12 


f 19 f3 , f28 

J 2 J 6 ( Ji 


f 16 f4 fS 

JA , it.„2/4T 


fS \ f 28 f 8 
JA J2 h 


+ ^ q ~ P 2 A + 
J 2 


f, 


20 


(2.43) 


„=0 •'4 J2 J8 J2 J2 

If we extract the terms involving divide by y and replace y^ by y, we obtain 


a;( 6 n + 5)y"' = 96 


n=0 


/I/I 
/I ■ 


Comparing (j2.44p with (j2.35j) . we complete our proof. 


(2.44) 

□ 
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Theorem 2.7. For any nonnegative integer n, we have 

a;(12n + 2) = l2B^{<dn). 

Proof. If we extract the terms involving in (j2.43p and then replace q'^ hy q, we get 

°° ,f20f3 f3f8s 

^a;(6n + 2)g" = 12[-^2 

n=0 


f!f! 


(2.45) 


By ()2.3I) we obtain 

f3 


2 3 


fi (flU , 
f! ^flfh fl ’ 


2 J 12 J 2 

fl8f9 fl0f5j'2 

Ji Je 27^2 Ji JqJi 2 


27 r6 
12 


fi‘r 




23 


f 14 f '{ f6 f3 f6 

, n„/ •I 4 /6 , q„2/4/6/12 

1 1-25 #2 


(2.46) 




12 




21 


Substituting (|2.2I1 and (12.461) into (12.451) . extracting the terms involving q'^^ and then 
replacing q‘^ by g, we deduce that 


^a;(12n + 2)g'" = 12 


n=0 


flO f9 f7 f3 f2 f5 f 

J2 J 3 I 1 a„ J2J& I 
f7f 6 f4 “T ^3 

JiJq Jl Jl 


(2.47) 

□ 


Comparing (12.341) with (|2.47l) . we deduce that a;(12re + 2) = 12i?3(6n). 

Theorem 2.8. For any nonnegative integer n, we have 

a;(12n + 10) = QB^{<on + A). 

Proof. Extracting the terms involving g^n+i (|2.42p . dividing both sides by q and 
replacing q^ by g, we get 


f; co{3n + l)q^ = Qg 7 \q)^{q^f • 


71=0 


Substituting (I2.36P into the above identity, we get 

fi° /I/ 3/12 


t<;(3n + l)g"' = 6 


fl5 

J 2 

p 6 r6 


fl7 f9 

J 2 Ji 


= 6 - 


n=o •'r''4 .13J12 

Substituting (12.5p and ()2.7I) into (|2.48p . we obtain 

1 fi 


fu2 nn2 / 1 / 4/6 


(2.48) 


+ !)(?"' = 6 


fl7 f9 

J 2 Je 


n=0 


f 7 f3 fS 
/ 4/12 /l 


= 6 


fl7 f9 

J 2 Jg 

p7 f3 


fl 

c28 


f2» f 16 fi f8 

Ji I Q Ji I ^cJlJiJi 


(28 f8 r24 


+ 16g 


^4 , 20 

./2 J2 


2 f2 


f 2 ftfl 2 


fl 


f3 f6 

J 2 J 12 

^-PTIW 

JiJe 


f 7 f3 \ f 28 f 8 
./ 4 ./I 2 ^.12 J8 

Extracting the term involving dividing by q and then replacing q^ by q, we get 

p 8 f3. 


°° , f 2 fll 

'^uji 6 n + 4:)q^ = 


f 19 f3 f8 f. 

J 2 Jq ic„^4./6 


n=0 


/iVe /f/l 


- 16g- 




(2.49) 


By (|2.3p we have 


fl (fin , oji/ 6/12 
/f V|/f2 /; 




/I 2 f6 f8 f4 fi f2 fi 

fi h +9^2/4/6/12 


f 18 fi 

J 2 J 


12 




f14 


(2.50) 
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Substituting (j2.7p and (j2.50p into (|2.49|) . extracting the terms involving , dividing 
by q and replacing by g, we obtain 

°° f8 f3 

^ w( 12 n + = 144^^. 

n=o ■'i 

Comparing this identity with (I2.35p . we deduce that a;(12n + 10) = 6 i? 3 ( 6 n + 4). □ 

3. Concluding Remarks 

Let A^\n) denote the number of partition /c-tuples of n with 3-cores. In particular, 
A^^\n) = ^ 3 ( 71 ) appeared in the existing literature (see [ 2 lHI [T^[T3] i 
and ^3 {n) = B^{n) in this paper. 

Again, let denote the number of representations of a nonnegative integer n 

in the form 

n = Xi + ■ ■ ■ + x1 + 3 ( 7/3 + ■ ■ ■ + Vk)} Xi,yi ^ li, i = 1 , 2 , • • • , k. 

It is easy to see that the generating function of A^^\n) and are given by 

00 .fSfc 

Y^Af\n)q- = ijj,, and j;a;W(n)g" =/(g)/( 7 / 3 ) 

n=0 n=0 

respectively. 

From the existing papers and our work, we know many arithmetic identities about 
A^\n) for k = 1,2,3. Meanwhile, we have seen some relations between A^^\n) and 
such as 

ti;*'^^(12n -I- 4) = OAg^^re), 
uj^‘^\Qn + b) = l2Af\2n + l), 

( 6 n -k 5) = AA^'^ ( 6 n -k 4). 

Based on these facts and observations, we would like to ask the following two questions. 
Question 1. Can we find some arithmetic identities involving A^\n) for all kl 
Question 2. Can we find some arithmetic relations between A^^\n) and 
for all kl 

To answer these questions, we believe that one may need to develop some new 
methods and ideas. 
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